In this Letter, three physical predictions on the phase separation of binary systems are derived based on a dynamic transition theory developed recently by the authors. First, the order of phase transitions is precisely determined by the sign of a parameter K d (or a nondimensional parameter K) such that if K d > 0, the transition is first-order with latent heat and if K d < 0, the transition is second-order. Second, a theoretical transition diagram is derived, leading in particular to a prediction that there is only second-order transition for molar fraction near 1/2. This is different from the prediction made by the classical transition diagram. Third, a critical length scale L c d is derived such that no phase separation occurs at any temperature if the length of the container is smaller than the critical length scale. Materials compounded by two components A and B, such as binary alloys, binary solutions and polymers, are called binary systems. Sufficient cooling of a binary system may lead to phase separations, i.e., at the critical temperature, the concentrations of both components A and B with homogeneous distribution undergo changes, leading to heterogeneous spatial distributions. The main objective of this Letter is to precisely describe the phase separation mechanism and to make a few physical predictions.
Materials compounded by two components A and B, such as binary alloys, binary solutions and polymers, are called binary systems. Sufficient cooling of a binary system may lead to phase separations, i.e., at the critical temperature, the concentrations of both components A and B with homogeneous distribution undergo changes, leading to heterogeneous spatial distributions. The main objective of this Letter is to precisely describe the phase separation mechanism and to make a few physical predictions.
Cahn-Hilliard Equation.
Let u A and u B be the concentrations of components A and B respectively, then u B = 1 − u A . In a homogeneous state, u B =ū B is a constant. We take u to be the concentration density deviation u = u B −ū B . The Cahn-Hilliard free energy is given by
where
The same results in this article can be derived in the same fashion, and for simplicity, we take this form of f as given here. Then the classical Cahn-Hilliard equation is as follows: supplemented with the Neumann boundary condition:
is a rectangular domain. We note that the more general domain case can be studied as well.
To derive the nondimensional form of equation, let
where l is a given length, u 0 =ū B is the constant concentration of B, and γ 3 > 0. Then the equation (2) can be rewritten as follows (omitting the primes)
Criteria of separation order. Each 3D rectangular domain is one of the following two cases:
We define a nondimensional parameter:
for Case I, which, by (4) , is equivalent to the following dimensional parameter:
where L d = L · l is the dimensional length scale. By theorems proved in [4] , the order of transitions is determined by the sign of this parameter K or K d as follows, and we have readily derived the following physical predictions:
Physical Conclusion I: The order of phase separation is completely determined by the sign of the nondimensional parameter K d as follows:
(1) If K d < 0, the separation is second order and the dynamic behavior of the Cahn-Hilliard system is as shown in Figure 1 .
, the separation is first order transition with latent heat. In particular, there are two critical temperature T * > T c such that if the temperature T > T * , the system is in the homogeneous state, when T * > T > T c , the system is in metastable state accompanied with hysteresis corresponding to saddle-node bifurcation, and when T < T c , the system is under phase separation state. In addition, the critical temperatures are functions of u 0 and L: This is in agreement with part of the classical phase diagram from the classical thermodynamic theory given in Figure 3 ; see, among others, Reichl [8] , Novick-Cohen and Segal [7] , and Langer [1] . However, as we shall see below, our result shows that near u 0 = 1/2, there is no metastable region; see Figure 6 . theory (see Reichl [8] ), b 2 and b 3 can be expressed in two explicit formulas. Disregarding the term |∇u| 2 , the molar Gibbs free energy takes the following form
where µ A , µ B are the chemical potential of A and B respectively, R the molar gas constant, a > 0 the measure of repel action between A and B. Therefore, the coefficients b 2 and b 3 are given by
where D is the diffusion coefficient. It is easy to see that
It is clear that the above formulas for b 2 and b 3 based on the Hildebrand theory fail near u 0 = 0, 1. However, the physically relevant case is away from these two end points of u 0 , and then we have:
Then solving
for Case II.
By (10) and (11), we have
where T c is the critical temperature as given in Physical Conclusion I. From this formula, we derive the transition diagram given by Figure 4 , and consequently, we derive a theoretical phase diagram given in Figure 5 . In particular, we have shown the following physical conclusions:
Physical Conclusion II.
(1) For a fixed length scale L = L , there are numbers x 1 < 1 2 < x 2 such that the transition is secondorder if the molar fraction x 1 < u 0 < x 2 , and the transition is first-order if u 0 > x 2 or u 0 < x 1 .
(2) The phase diagram Figure 5 is for this fixed length scale L . The points x 1 and x 2 are the two molar concentrations where there is no metastable region and no hysteresis phenomena for x 1 < u 0 < x 2 . In other words,
T L-phase diagram. We now derive the length and temperature phase diagram. For this purpose, we consider the linear eigenvalue problem for the Cahn-Hilliard equation as follows: The first eigenvalue is given by
By (10), we have
The critical parameter curve equation β 1 = 0 is given by
Using this formula and the theorems in [4] , we derive the T L phase diagram given by Figure 6 , and the following physical conclusions:
Physical Conclusion III. For a given molar fraction 0 < u 0 < 1, there is a critical (dimensional) length
such that the following hold true: Summary. Based on a dynamic transition theory developed recently by the authors [2, 3, 5, 6 ], a systematic mathematical analysis is made for the Cahn-Hilliard equation modeling phase separation of binary systems [4] . Based on this rigorous analysis, we are able to make three physical predictions on the phase separation of binary systems:
First, the order of phase transitions is precisely determined by the sign of a parameter K d (or a nondimensional parameter K) such that if K d > 0, the transition is first-order with latent heat and if K d < 0, the transition is second-order. This parameter K d is explicitly given in terms of the system properties and the geometry of the container. Second, a theoretical transition diagram is derived, leading in particular to a prediction that there is only second-order transition for molar fraction near 1/2. This is different from the prediction made by the classical transition diagram.
Third, a critical length scale L c d is derived such that no phase separation even occurs at any temperature if the length scale of the container is smaller than the critical length scale. The transition temperature T c is precisely given as well for the length scale is larger than the critical scale.
Finally, our theory fully reveals the transition dynamics. This is the advantage of using the dynamic classification scheme as proposed in [3, 5, 6] , where the transitions are classified as Type-I, Type-II and Type-III. Also, we would like to mention that our results are derived for rectangular domains, and more general domain case can be studied using the dynamic transition theory as well, and other transition types such as the mixed transition may occur; see [4] .
